
Turbulent Stirring and Mixing 
Neither “stirring” nor “mixing” appears in 

the 1961 Proceedings. 
Only L.S.G. Kovasznay is on record as having mentioned the word 

‘scalar’: “Measurements of scalar fluctuations, i.e., temperature, would 
present the simplest case (of dispersion)”. 

There was a closely related session on  
“Diffusion and Lagrangian effects” 

President: S. Corrsin  
Secretaries: J.L. Lumley and P.G. Saffman 

Speakers:  J.L. Lumley, S. Corrsin, P.G. Saffman 
and  J.O. Hinze 



Heavily based on G.I. Taylor (1921, 1954) 

Yeung & Sawford 



Schumacher & KRS (2010) 

Prasad & KRS, Phys. Fluids A 2, 792 (1990) 
P. Constantin, I. Procaccia & KRS, Phys. Rev. Lett. 67,1739 (1991) 
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analytic range 

scaling range 
r = O(η)





Surrogate Gaussian velocity field 
<ui(x;t)uj(y;t’)> = |x-y|2-γ δ(t-t’) 
γ =2/3 recovers Richardson’s diffusion 

Forcing for stationarity: 
<fθ(x;t)fθ(y;t’)> = C(r/L) δ(t-t’) 
C(r/L) is non-zero only on the large 
scale, decays rapidly to zero for 
smaller scale. 

zero modes, shape geometry,  
statistical conservation laws, etc. 

(Xu et al.?) 
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A measure of anomalous scaling,  
2ζ2 – ζ4, versus the index γ, for the 
Kraichnan model. The circles are 
obtained from Lagrangian Monte 
Carlo simulations (from U. Frisch’s 
group). The results are compared with 
analytic perturbation theories (blue, 
green) and an ansatz due to 
Kraichnan (red). 

Theory 
Gamba & Kolokolov (1999) 

Gotoh & Watanabe 
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 Jörg Schumacher 
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P.K. Yeung 
Georgia Tech. 

Massive parallelism, up to O(105) CPU cores, so doing simulations 
has become a big task in itself. 

New paradigms, new 
architecture, etc, yet… 





For large Sc, computational domain size scales as Re3 Sc2. 

Venaille & Sommeria 
Roy et al. 



In support of the -1 power law 

Gibson & Schwarz, JFM 16, 365 (1963) 

KRS & Prasad, Physica D 38, 322 (1989) 

Expressing doubts 

Miller & Dimotakis, JFM 308, 129 (1996) 

Williams et al. Phys. Fluids 9, 2061 (1997) 

Simulations in support 

Holzer & Siggia, Phys. Fluids 6, 1820 (1994) 

Batchelor (1956) 

Eθ(k) = CB κ(ν/ε)1/2k-1exp[-q(kηB)2] 

Kraichnan (1968) 

Eθ(k) = CB κ(ν/ε)1/2k-1 [1+(6q)1/2kηB x  

exp(-(6q)1/2kηB)] 

The viscous convective region 

Sc increasing 

slope -1 

compensated  
spectrum 

Danaila et al. 
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CB 

Reynolds number 

Schmidt number 

Batchelor 

Donzis, KRS & P.K. Yeung, Flow, Turbulence and Combustion 85, 549 (2010) 





The Yaglom relation (1949) 

<Δru (Δrθ)2> = -(2/3)<χ>r 

G. Stolovitzky, P. Kailasnath & KRS, JFM 
297, 275 (1995) 
•  Refined similarity hypothesis 

L. Danaila, F. Anselmet, T. Zhou & R.A. 
Antonia, JFM 391, 359 (1999) 
•  Extension to non-stationary forcing 

conditions  

P. Orlandi & R.A. Antonia, JFM 451, 99 
(2002): DNS 
L. Midlarsky, JFM 475, 173 (2003): 
Experiment 

•  Conditions of Reynolds and Peclet 
numbers under which the Yagolm 
equation holds 



Some large scale features 



•  Lu is set by the mesh size 
•  Lθ can be set independently and Lu/
Lθ can be varied 
•  Diffusivity of the scalar (i.e., Pr or 
Sc = ν/κ) is a variable. 

Decaying fields of turbulence and scalar 



  Durbin, Phys. Fluids 25, 1328 (1982) 

Data: Warhaft & Lumley; KRS et al. 
(both from wind tunnels, heated grid) 

m 

PDF of θ is Gaussian 

Initial Lu/Lθ

Non-uniqueness of the exponent is not difficult to understand 
qualitatively but difficult to make a theory for. 



Effect of length-scale ratio: PDF of θ in stationary turbulence 

Both PDFs are for stationary velocity  
and scalar fields, under comparable  
Reynolds and Schmidt numbers. 

Passive scalars in homogeneous flows 
most often have Gaussian tails, but long 
tails are observed for column-integrated 
tracer distributions in horizontally 
homogeneous atmospheres. 

Models of Bourlioux & Majda, Phys. Fluids 
14, 881 (2002), closely connected with 
models studied by Avellaneda & Majda 

Probability density function of the passive scalar 
Top: Ferchichi & Tavoularis (2002) 
Bottom: Warhaft (2000) 

Lu < Lθ

Lu > Lθ



Peclet number, Pe (=Rλ
2Sc) 

Dimensional Theory 

Flux spectrum  

Euφ(k) = CuφG<ε>1/3k−7/3  

in the inertial convection range 
(Lumely 1964) 

Using <uφ> = −∫ Euφ(k) dk (with 
appropriate limits),  

we get  

1/Sct = (10/3) Cuφ (1 − 1/Pe) 

1/Sct 

Direct Numerical Simulations 
(P.K. Yeung, D. Donzis, KRS) 

8 < Rλ < 650 
1/512 < Sc < 1024 

Different forcing schemes 

C Cuφ = 0.21 ± 0.03  

Experiment 

Homogeneous shear flows 
Boundary layers 
Jets 
Wakes 

0.7 

Doering & Thiffeault 



 Dissipation intermittency 
(Dissipative anomaly holds) 



Anisotropy of small scales (with R.A. Antonia) 

Sgn S = -sgn (dU/dy) X sgn (dT/dy) 
KRS & Tavoularis, JFM (1980) 



Some consequences of fluctuations 

0. Traditional definitions 
<η> = (ν3/<ε>)1/4, <ηΒ> = <η>/Sc1/2, <τd>= <ηΒ>2/κ

1. Local scales 
η   = (ν3/ε)1/4, or define η through ηδηu/ν = 1
ηΒ = η/Sc1/2, , τd = ηΒ2/κ 

2. Distribution of length scales 

log10 (η/<η>)
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Schumacher, Yakhot 



3. The velocity field is analytic only in the range  
r < η (and the scalar field only for r < ηΒ)

4. Minimum length scale ηmin = <η> Re-1/4 

(Schumacher, KRS and Yakhot 2007) 

5. Average diffusion time scale 
<τd>= <ηΒ2>/κ, not <τd>= <ηΒ>2/κ

6. From the distribution of length scales, we have 
<τd>= <ηΒ2>/κ ≈ 10 <ηΒ>2/κ

7. Eddy diffusive time/molecular diffusive time ≈ 
Re1/2/100;exceeds unity only for Re ≈ 104 

( mixing transition advocated by Dimotakis, short-
circuit in cascades of Villermaux, etc) 







J. Zhang, S. Childress & A. Libchaber: 
e.g., Phys Fluids 9, 1034 (1997); Phys. Rev. 



Large scale  
circulation 

(wind) 

the container 

large-
scale 

circulation 
(“mean 
wind”) 

The “mean wind” breaks 
symmetry, with its own 

consequences The mean wind 

Segment of 120 hr record 

Niemela, KRS, Donnelly (2002) 



τ1 = time between subsequent switches in the velocity signal   

for large τ1:  

KRS, Bershadskii & Niemela, Phys. Rev. E 65, 056306 (2002) 

power-law scaling of the probability 

density function for small τ1  

How are the reversals distributed? 

-1 power law scaling characteristic of SOC systems 
(see papers in Europhys. Lett., Physica A and PRE) 

τm = 400 s 



double-well potential 

Dynamical model  

Balance between buoyancy 
and friction, forced by 
stochastic noise 

For certain combinations of 
parameters, one obtains 
power-law for small times 
and exponential distribution 
for large times. 

   KRS, Bershadskii & Niemela, Phys. Rev. E 65, 056306 (2002) 



Summary of major points 
•  We have a fair number of definitive results about 
some model problems and know with empirical 
certainty about the real thing; much of the “classical” 
phenomenology appears to hold. 

•  The classical predictions of the past have been 
confirmed (e.g., those relating to the -1 power).  

•  The  nature of anomalous scaling has been understood 
for the Kraichnan model, and may be true more 
generally. 

•  But there are gaps in our phenomenological 
understanding and questions remain. They can be 
posed sharply but have no sharp answers.   

•  Why is the spectral constant for the Batchelor range 
twice as large as he determined? 

•  What is the true effect of length scale ratio?  



•  Large scale features of the scalar depend 
on initial conditions quite severely, and each 
property has to be understood on its own 
merit. Models have been very helpful for 
understanding some essentials. 
•  Small scale scalar does not appear to be 
universal (more strikingly so than the velocity) 
•  Active scalars are illustrated through 
convection, where considerable progress is 
being made. 



Thank you 



Niemela, Skrbek, KRS & Donnelly, 
Nature 404, 837 (2000)  
Niemela & KRS, J. Low Temp. Phys. 
143, 163 (2006) 



Upperbound results in the limit of Ra → ∞ 
1.  Arbitrary Prandtl number 
•  Nu < aRa1/2 for all Pr (Constantin);  
•  a = 0.02634, according to Plasting & Kerswell, JFM 

477, 363 (2003) 
•  Rules out, for example, Pr1/2 and Pr-1/4. 

2.  Large but finite Prandtl numbers 
•  For Pr > c Ra, Nu < Ra1/3(ln Ra)2/3 (Wang)  
•  For higher Rayleigh numbers, the ½ power holds. 
3. Infinite Prandtl number 
•  Nu = BRa1/3 Howard, Malkus, mostly dimensional 

arguments, independent of the Prandtl number 
•  Nu < CRa1/3(ln Ra)1/3 (Doering et al., exact)  
•  Nu < aRa1/3 (Ierley, Kerswell & Plasting, JFM 560, 159 

(2006)---“almost exact”)  

2 questions: Pr, 1/3 (2 views) 




